Derivatives and Inteqgrals

Differentiation:

We previous studies, we defined the slope of the curve at a point as the
limit of secant slopes, and this limit called derivative measure rate of
which a function changes, and it is one of the most important ideas in
calculus.

Derivatives are used to calculate velocity and acceleration, to estimate the
rate of spread of a distance, to set of production to find the best
dimensions of figures (cylindrical, circle ...etc), and for many
applications.

In this chapter, we develop techniques to calculate derivatives easily and
learn how to use derivatives to approximate complicated functions.

The derivative of the function f(x) respect to the variable x is the
function f (x) whose value at X is

: - flx+h)—f(x)
foo = =

We say that f is differentiable (has derivative) at x if f exists at every
point in the domain of f.

The slope of tangent line:

The slope of the curve y = f(x) at the point p(x., f(x-)) is the number

. fx+h)—f(x)
m = lim
h—-0 h

The tangent line to the curve at p is the line through p with this slope.

In the previous studies the slope m = i_z

_A_y_YZ_Y1_f(x°+h)—f(xo)_f(xo+h)—f(xo)
m_Ax_xz_x1_ (xe +h) —xo h

We say that f is differentiable (has derivative) at x if f exists at every
point in the domain of £, then we call f differentiable.
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But if f is not differentiable at every point in the domain of f, for
example sqort or rotational functions, then we write z = x + h, then
h = z — x and h approaches O if z approaches x.

Therefore, an equivalent definition of the derivative is as follows

f(x) = lim

f(2)—f(x)
zZoX Z— X
Examplel/ Derivative of square root function:

a- find the derivative of y = v/x forx > 0

b- Find the tangent line equation to the curve y = +/x at x=4

Solution:
a-
f(x)=limw=1im\/§—\/§=hm (VZ — V%)
Z-X Z—X zox Z—X zax(\/z—\/})(\/;_l_\/})
R
=£1—r>r915\/2+\/§_\/}+\/§—2\/;
b-

_ 1

The slope of the curve at x = 4 is f(x) = % ,thenm = f(4) = ﬁ

The tangent line through the point = 4 ,and y = f(x) = Vx
Then = f(4) = V4 = 2, then the point p(x, y) = p(4,2)
The equation of tangent line through the point p(4,2) and the slope

jeld
(m=%)equaly=m(x—x1)+y1}is>y=i(x—4)+2=ix+1

In another method:

fa)=vx=x"

, 11, 1 . 1
m:f(x):—xz = —X 1

2 2 2\Vx



, 1
~ theslopeatx =4ism=f(4) = =

i
Y1=f(x1)=f(4)=‘/z=2
Then point p(xy,y,) = p(4,2)

TN

The equation of tangent line through the point p(4,2) and the slope

eld
(m=i)equaly=m(x—x1)+ylmy:§(x—4)+2:%x+1

Differentiable on an interval: one sided derivatives:

A function y = f(x) is differentiable on an open interval (finite or
infinite) if it has a derivative at each point of the interval.

lim,_, o+ w Right-hand derivative at a

limy, - M Left-hand derivative at b

Example 2/ Function y = |x| is not differentiable at the origin, show that
the function is differentiable on (—oo, 0) and (0, o) but has no derivative
atx = 0.

Solution:

. . . d d
To the right of the origin E(lxl) = E(x) =1

.. d d
To the left of the origin E(lxl) =— (—x)=-1
~ derivative on the left # derivative on the right

Example3/ Show that the function f(x) = +/x is not differentiable at
x=0

. d 1 14 1
R — — —-Y2 e —
Solution: Tx VX > X W

We apply the definition to examine if the derivative exists at x = 0



L SO+ h) = f(x)
m = lim = lim
h—-0 h h—-0

Vh 1
= lim— = o
NN N

=~ the function is not have derivative at x = 0

m-—-—
h-0 h

JGER—E_ VR
DR

Example4/ Find derivative functions and values using the definition,
calculate the derivatives of the functions, then find the values of the
derivatives as specified.

1-f(x) = 4 —x?, f1(=3), f/(0), f/(1)
Solution:
fx+)—f(x)  4—(x+h)P-(4—-x%)
/ - —
F100 = = i R
 4—x?>—2hx—h*—4+x*>  —hQ2x+h)
= lim = lim ——
h—0 h h—0 h
= —lim2x + h = —2x
h—-0

2-f)=Gx-D*+1, f/(-1), f/(0), f/(2)

Solution:
_ fx+h)—fKx)
/ —
100 = i =——
[((x +h)—1)" + 1] —[(x—-1)*+1]
= lim
h—-0 h
B [((x+h)?=2(x+h)+1+1]—[x2—2x+1+1]
= A h
o [x2+2xh+h?—2x—2h+ 2 —x% + 2x — 2]
= lim
h—-0 h
~ 2xh+ h%?—=2h . hQ@2x+h-2)
= lim = lim =2x—2
h—-0 h h-0 h

a (1) =—4,f1(0)=-2,f/(2)=2

Example5/ Find the derivative of the following functions:

- — 9.3 W _ 4 5 3\ _ .2
1- y=2x —>dx—dx(2x)—6x
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3 3
2- r=241-% d(5—+1)=——+—:—+0
2 ds ds

3v=t—c->Z=S(t-Y=2(@)-2(3)=1- (-t =1+
1

t2

oyl dp_df 1)_ad -1, _ -1 F-1_
4}9— q+1_)dq_dq<1/q+1)_dq(q+1) 2—2(q+1)2 a
3

-1 . -1
?(q +1)2 = 3
2(q+1)2

Example6/ Differentiable the following functions and find the slope of
the tangent line at the given value of the independent variable, and find
the equation of tangent line.

1- f(x) =x+% , atx = =3
Solution:

The equation of tangent line = m(x — x;) + vy, , then we need
slope (m) and the point p(xy,y;1)

9
y1=f(=3)=-3+—=-6, :p(~3,-6)

'(x) = _ e +2 —dx+d9-1—1+9( Dx?=1 k
f x—m—dx<x x>_dx dx ~ = X x2

9
(=3)?

~ theslopeatx =—-3 - m=1-— =1—§=1—1=0

~ equation of tangent line y = 0(x — x;) + (—6) = —6

~ tangent line is horizontal line,where y = —6
2- k(x) = 2+1x2 at x =2
v = k(2) = 1 1 . (2 1
..yl_ ()_2+x2_6 .'p( '6)



d
The slope (m) = k/(x) = — (2 +x%) 7" = =1(2 + x*) ™. 2x
—2x
T2 +x2)?
—22) -4 1
“(2+29)2 36 9

~ theslopeatx =2 - m

1
~ equation of tangent line at p (2’5) and m = <> is

( )+ _1( 2)+1 —1oii
= - d = —_— —_ _——= — —_ —_
_oto.a
9 * T2

3- s=t3—-1t2 att = —1

n=sD=01)°-(D*=-2 +p(-1,-2)

ds d d d
= /=—=— 3— 2 = —_— 3—— 2: 2—2
m=s T dt(t t<) dtt dtt 3t t

theslopeatt=—-1 »m=3(-1)2-2(-1)=3+2=5

The equation of tangent line at the point p(—1,—2)and m
=5 equal y=5(x—(-1))+(-2) =5x+3

Example7/ Find equation of the tangent line at the indicated point for the
following function:

Solution:
8 2_71 I d8 2_71 8d 2_71
= —_ b = — = — —_ = 0o— —_
y=8(-272 >y =—=—8(x-2)7 =8-—-(x~2)
y -1 -3 —4
(x—2)2
—4 —4 -4 -4 -4 1

The slope at x = 6 equal m = (6_2)% = (4); BT AT 2



1
~ equation of liney=m(x —x;) +y, 2y = —E(x —6)+4

. J— 1 7
Ly = —Ex+
2-w=g9gz)=1+V4—-12z, p(z,w) = (3,2)
Solution:
dg(z) d d 1 1 -1 1
=w/ = =—1+—(4-22=0+-(4-2)2 =———
dz dz dz 2 204 — 7)2

1 1
~slopeatx =3 equal m=———=—=
2(4—3)2

~ equation of tangent line equal toy = m(x — x;) + y;

—1( 3)+2—1 3oty l
y= T2X T TATrTS

Example8/ Find the values of the following derivatives:

1- L gtt=-1 if s=1-3¢t2
dt

Solution:
A5 _4 g 3241 3% 2 g 3% =—6t
dt dt Cdt dt B
o B gt =1 equat B
Car T e =
dy _ . _ _l
Z-Eatx—\/? if y=1 "
Solution:
dy d 1\ d d _. L, 1
il U e B LR G e
dy dy 1
aatx—\/?equala—g
ar . 2
S-Eate—o if r=7=



Solution:

ar_ 4T =2%0 9_71—2( 1)4 )7
%_E( ) —@( )z = E( )

—1(-1)

- 3

(4—0)2
Jdr o dr 1111
Tag U TN e T AT T es 8

Differentiation Rules:

We can differentiate functions without having to apply the definition of
the derivative each time.

Powers, multiples, sums and differences, derivative product rule,
derivative quotient rule, power rule for negative integers, second and
higher order derivative.

1- The first rule of every constant function is zero.

If f has the constant value f(x) = c then

i _ 4 =0 [ —8'df—d8—0
dx—dx(c)— for example f(x) =8, - il b

2- Power rule for positive integers, if n is a positive integer, then
ix” =nx""1 for example f(x) = x? - 4 = ix2 = 2x
dx dx dx

3- Constant multiple rule

If u is a differentiable function of x, and c is a constant, then

d()_ du l ()_Sz.df_d32_3dx2
7 (W = ¢ for example f(x) = 3x --dx—dx(x)— I
=3 X 2x = 6x

4- Derivative sum rule, if u and v are differentiable functions of x, then
their sum u + v is differentiable at every point where u and v are to be
differentiable at each point.



d du dv dy
—(u+v)_—-|-— for exampley = x* +12x .~ —

dx dx
=Lyl (12x) = 4x> + 12
_dxx dx X =

And for difference rule

—(u— )—d—u——forexampley—x —12x P =L

dx dx dx
a(le) = 4x3 — 12

5- Derivative product rule, if u and v are differentiable at x, then

d( )= dv+ du l _1(2+1) dy
7y (W) =u—— v forexampey—xx Z) Oy

ST T
S P RO T

(o) [ 3) 0= (-3 (7)

6- Derivative quotient rule, if u and v are differentiable at x, and if
v(x) # 0, then the quotient ¥/, is dif ferentiable at x, then

p vdu udv d 1f ()

u T~ Y. X
E(;) = % for example — ﬁ]

_ gOf/(x) = f(x)g/ (x)
g% (x)
t2-1

Example9/ y = e

dy (*+1).2t—(*—1).2t 23 +2t—2t>+2t 4t

dx (t2 + 1)2 B (t2 + 1)2 (2 + 1)2

7- Power rule for negative integers, if n is a negative integer and x # 0
then = (x™) = nx™1
dx

Example 10/;_356) = ;—x(x—l) = (-2 = _xiz
9



8- Second and higher order derivatives

If y = f(x) is a differentiable function, then its derivative f/(x) is also a
function. If £/ is also differentiable, then we can differentiable f/ to get a
new function of x denoted by f//. f// called second derivative, f/// third
derivative,....... ,etc.

[y — Ey _d(ay\ _ay/ _
f (x) dx? dx (dx) dx y

6 vl — S ol =W sy
Example 11/ y =x° «~y/ =6x>, y — dx(6x)

4 o/l =2l = 2L 3054 = 3
30x*, y Y dx30x 120x

d d™
In general y™ = Ey(”‘l) = d_le/

Example 12/ Finding higher derivatives for the function y = x3 —
3x2%+2

Examplel3/ Find the first and second derivative for the following
functions:

1-y=—x?+3 - y/ ==2x, y// ==2

2- s=5t3-3t5 » s/ =15t — 15t* ,s// = 30t — 60¢3
3-y=x>+x3+x - y/ =5x*+3x2+1,y// = 20x% + 6x
Examplel4/ How a circles area changes with its diameter.

Solution: the area of a circle is related to its diameter by the equation

A= %DZ ,where A = tr? = n(g)2 = %Dz

How fast does the area change with respect to the diameter when the
diameter is 10 meter?

. dA D
Solution: £ =Z2p ==
daD 4 2

When D = 10 m, the area is changing at rate %(10) =51tm
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Motion along a line: displacement, velocity, speed and acceleration:

Suppose that object is moving along a coordinate line (say an s-axis), so
that we know its position S on that line as a function of time:

S=f®
The displacement of the object over the time interval from ¢t to t + At
AS = f(t+ At) — f(b)
And average velocity of the object over that time interval is

__displacement AS  f(t + At) — f(8)
Yo = T qvel time | At At

To find the body's velocity at the exact instant ¢t , we take the limit of the
average velocity over the interval from t to t + At as At shrinks to Zero.
This limit is the derivative of f with the respect to t¢.

Velocity (instantaneous velocity) is the derivative of position with respect
to time. If body's position at time t is S = f(t) , then the bodys velocity
attime t is

ds . ft+At) - f(t)

V) =7 = lim At

Speed is the absolute value of velocity
Speed = |V(t |—|d5|
peed = |V(O)] = | =

Acceleration is the derivative of velocity with respect to time

dv  d?
a®) =G =ae

Example 15/ Free fall of a heavy ball released from rest at time = 0 sec
where the equation of free fall is S = 4.9t2 .

a- How many meters does the ball fall in first 2 sec ?
b- What are the velocity, speed and acceleration?

Solution:
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a- during the first 2 sec , the ball falls S(2) = 4.9 (2)2 =19.6m
b- atanytimet, V(t) = S/(¢t) = %(4.91:2) = 9.8t
att =2 second - V(2) =9.8%x2=19.6"/¢oc
Speed = |V (2)| =119.6] = 19.6 "/go(

acceleration a(t) = V/(t) = S//(t) = 9.8 m/sec2

Derivatives of Trigonometric functions:

d d
— (sinx) = cosx — (cosx) = —sinx
dx ’ dx
5 d
— (tanx) = sec*x — (secx) = secx tanx
dx dx
5 d
— (cotx) = —csc*x — (cscx) = —cscx cotx
dx dx
sinx CoSX 1
tanx = ) cotx = ——, secx = and cscx = ——
CoSX sinx CoSX sinx

Example 16/ Prove that Cf—x(tanx) = sec’x

ion: L -2
Solution: — (tanx) = (

sinx) __ cosx .cosx—sinx (—sinx) _ cos®x+sin®x
dx

cosx cos2x cos?x

= sec?x

cos2x

Example 17/ Derivative the following trigonometric functions:

Solutions:

. d
1- y = x? — sinx —>£=2x—cosx

2- y = x?sinx »y/ = Z—Z = x%cosx + sinx(2x)

3 __sinx S/ = dy _ xcosx—sinx(l) _ xcosx—sinx

X dx x2 x2

Example 18/ Find second derivative y// for the function = secx ?

12



: d
Solution: y = secx , y/ = ﬁ = secx tanx

//_dy/—d( tanx) = tanx + tanx = (secx)
y _dx_dx secx tanx —Secxdx anx anxdx secx

= secx(sec?x) + tanx(secx tanx) = sec3x + secx tan®x

Derivative of a composition function:

The derivative of the composite function f(g(x))at x is the derivative of
f at g(x) times the derivative of g at x called (Chain Rule), if f(u) is
differentiable at the point u = g(x)and g(x) is differentiable at x. Then
the composite function (f-g)(x) = f(g(x)) is differentiable at , and

d dy d
() () = f1(9(0).g/ @) or =22

Example 19/ The function y = %x = %(Sx) Is the composite of the

functions = %u and u = 3x . How are the derivatives of these functions

related?
Solution:
d 3 d 1 d
Wehave 2 == , ZX=_ and ==3
dx 2 du 2 dx
) 3 01 d dy d
Since==-.3 ,We see that X
2 2 dx du dx

Example 20/ The function y = 9x* + 6x% + 1 = (3x% + 1)? is the
composite of y = u? and u = 3x? + 1. Calculate derivatives?

Solution:
dy dy du
—=—=.— ........(1
dx du dx (1)
v_, @, H_ 3
Gy = 2W e ) T X e e (3)

By substituting equations 2 and 3 in equation 1, then

dy
e 2u.6x = 2(3x2 +1).6x = 12x(3x% + 1) = 36x3 + 12x
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Example 21/ An object moves along the x — axis so that its position at
any time t > 0 is given by x(t) = cos(t? + 1). Find the velocity of the
object as a function of .

Solution:

. d , . .
The velocity d—f , X IS a composite function

Method 1/ Let t241=u  ~x=cosu, % — Z_zi_?
dx _ du
Tu = —sinu , a =2t
dx

"= —sinu.2t = —sin(t? + 1) .2t = —2tsin(t? + 1)

Method 2/ (fg)(x) = f(g(®) ,  (Fg)(x) =f/(g(x)). g/ (x)

. dx .
Velocity = e —sin(t? +1).2t

Example 22/ Derivative sin(x? + x) with respect to x .
Solution: :—x(xz + x) = cos(x? + x).(2x + 1)

Example 23/ Find the derivative of g(t) = tan(5 — sin2t).

on: g/ () =29 - 2 — i — cec?(5 — si 4c_
Solution: g/ (t) — dttan(S sin2t) = sec*(5 sm2t).dt(5

sin2t) = sec?(5 — sin2t). (0 — cosZt.%(Zt)) = sec?(5 —
sin2t). (—cos2t).2 = —2(cos2t)sec?(5 — sin2t)
The chain rule with powers of a function:

If fis a differentiable function of uw and if u is a differentiable function
of x , then substituting y = f(u) into the chain rule formula
dy dy du d du
=L — — f/ —_
dx du dx - dxf(u) fiw dx
If n is a positive or negative integer and f(u) = u™
o flw) =™t - iu“ =nu d_u
dx dx
14



Example 24/ -~ (5x% — x*)7 = 7(5x% — x*)°. (15x% — 4x?)

-3

Example 25’;7(;) =L (3x-2)"'=-1(6x-2)"%(3) =

3x-2 (3x—2)2
Example 26/ < sin (ﬂ) =" cos——
dx 180 180 180
Example 27/ If x = 2t + 3 and y = t? — 1, find the value of
Yoatx=6.
dx
Solution; & = &/4t _ 2t _ ¢ (1)
dx dx/dt 2
. . x—3

fromorigin equation x =2t+3 —t= 7 (2)

By substituting equation 2 in equation 1, then Z—i’ = "2;3 = 62;3 = %

Antiderivative and Integrals:

A function F is an antiderivative of f on an interval I if
F/ = f(x)
Example 28/
f(x)=2x - (integra)F(x) = x? ,~ F/(x) = 2x = f(x)
g(x) = cosx — (integral) G(x) = sinx ,~ G/(x) = cosx = g(x)

Antiderivative formulas:

No. Function General antiderivative Notes
X1
1 x™ +c n+—1
n+1
coskx
2 sinkx - +c k a constant ,k # 0
sinkx
3 coskx " +c k a constant ,k + 0
4 sec®x tanx + ¢
5 csc?x —cotx + ¢
6 secx tanx secx + ¢
7 CcScx cotx —cscx + ¢
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3

= + sin2x

Example 29/ Find the general antiderivative of f(x) =

-1
X 2

-1
—+1

+1

-1
Solution: f(x) = 3(x)2 + sin2x ,F(x) =3 + G) sin2x =

1

3 XTE + G (25in2x)> = 6Vx + % (—cos2x) = 6/x — % (cos2x) +c
2

Note/ The function F(x) = x? is not function has derivative 2x , also the
function x2 + 1 has derivative 2x , therefore, we can write 2x + 1,
where c represent arbitrary constant, therefore the two functions different
by constant c .

Example 30/ f(x) = sinx that satisfies F(0) =3

Solution: F(x) = —cosx +¢ —>F(0)=—cos0+c¢c -»3=-1+
c > ~c=4 , ~F(x)=—cosx+4

Integrals:

A special symbol is used to denote the collection of all antiderivatives of
a function .

Definition: The set of all antiderivatives of f is the indefinite integral of
f with respect to x ,

Jf(x)dx

Example 31/ Indefinite integration done by term and rewriting the
constant of integration [(x? — 2x + 5)dx .

3
Solution: If we recognize that (x?) — x? + 5x is antiderivative of
x? — 2x + 5. We can evaluate the integral as
3
f(x2—2x+5)dx=x?—x2+5x+c

where c represent arbitrary constant
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Or f(xz — 2x + 5)dx

=jx2dx—J2xdx+f5dx

x3 x?
=fx2dx—2fxdx+5jdx=(?+cl)—2 7‘*‘02

+ 5(x +¢3)

3
x
(x2—2x+5)dx=?+C1—x2—2c2+5x+563

C =cy —2cy + 5¢3

3

. 2 _ X2
o (x 2x+5)dx—3 x“+5x+C

Example 32/ Find the following indefinite integrals, and check your
answers by differentiation:

1- [(x+Ddx , 2- [(5—6x)dx , 3- [(3t2+5)dt , 4- [(22° -
5x + 7)dx , 5- fx_?ldx

Solution:

1- f(x+1)dx:fxdx+fdx=x2—2+x+c

2- f(5—6x)dx=f5dx—6fxdx=5x—6xz—2=5x—3x2+c
2 L gt = (3e2dp + 2 _q 13 1.

3- f(3t +2)dt—f3t dt+-ftdt=3-+-—=t"+7t+c

] 3 _ — 2 [ x3dx — _ ¥ _ X
4- [(2x° =5x+7Ndx =2 [xdx =5 [xdx+7 [dx =2-—-5+
7x=%x4—§x2+7x+c

-1
—+1 2

-1 X 3 z
5 [xsdx=—7—=>x3+cC
3t 3

17



H.W 1/ Find the indefinite integrals:

1- [ —2costdt , 2- [ 7sin (g) do , 3- [3cos56d0 , 4-
do

cscBcotl
2

f%sec@tan@de , 5 f

H.W 2/ Verify the following formulas by differentiation:

_(7x-2)*
28

_ @Bx+5)7!

1- [(7x —2)3dx -

+c ,2-[(Bx+5)%dx =

+c

3- [sec?(5x — 1)dx = gtan(Sx —1)+c ,4- [csc? (xT_l) dx =

—3cot(x3;1)+c,5-f L _dx=—+c

(x+1)2 x+1

H.W 3/ Solve the initial value problems in the following formulas:

dy _ _
1-—==2x-7 , y@2)=0

dy _ _
2- —dx—10 x y(0) = -1

dy 1 . _
3-—dx—x—2+x , x>0 ; y2)=1

4-§=1+cost , s(0)=4

5-2 = Lsect tant , v(0)=1
dt 2
Definite integral:

Let f(x) be a function defined on a closed interval [a, b], we say that a
number [ is the definite integral of f over [a, b].

The symbol for the number [ in the definition of the definite integral
is

f:f(X)dx ,or f:f(t)dt or f:f(u)du

Properties of definite integrals:
1- f(ff(x)dx = — fbaf(x)dx
2- fff(x)dx =0 whena=b»b

18



3- f: kf(x)dx =k f:f(x)dx constant multiple k.

4-
f:(f(x) + g(x))dx = f(ff(x)dx + f: g(x)dx sum and dif ferences

5- 7 f(x)dx + [{ f(x)dx = [ f(x)dx Additivity

Example 33/ Find the following definite integrals if:

1

j_llf(x)dx =5, f:f(x)dx =-2, f h(x)dx = 7

-1
1- [, f()dx = — [ f(x)dx = —(=2) = 2

2- [1[2f () + 3h(x)]dx = 2 [*, f(x)dx + 3 [ h(x)dx = 2(5) +
3(7) = 31

3-[2, fdx = [, fGOdx + [[ f(x)dx = 5+ (-2) = 3

H.W 4/ Using properties of integrals and known values to find other
integrals, suppose that f and g are integrable and that equal:

5

x)dx = —4 x)dx =6 , x)dx = 8
L?() L?() | 9@

Find the following integrals

2

sz(x)dx=—4, ng(x)dx , f3f(x)dx, Lsf(x)dx

1

Solution:

J; fGodx = [} fedx + ] f(0dx = = [ fOdx + [} f(x)dx =
—(-4) + (-9 =0

T

H.W 5/ Prove that f_nn cosxdx =0 Jgsec’xdx =1

H.W 6/ Evaluate the following indefinite integrals by using the given
substitutions to reduce the integrals to standard form.
1— [sin3xdx , u=3x ;2—  [xsin(2x®)dx , u = 2x?
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Solution:

1- [ sin3x dx U=3x > x=+u-—dx=du
3 3
_ 1( 1 1
2 fsm 3x dx =§fsmu du =§(—cosu) = —§cos(3x)

3 1 1
Or fsin 3xdx = §f sin3x dx = §(—cosu) = —§cos(3x)

Example 34/ Evaluate the following definite integrals by using the given
substitutions to reduce the integrals to standard form.

x=1
j 3x%yx3+1dx , Letu=x3+1

x=-1

Solution:
methodl: u = x3 4+ 1 - du = 3x%dx > dx = %du
whenx=-1 ~u=(-1)3+1=0
and whenx =1 ~u=(1)3+1=2
x=1 u=2 1 u=2 1
s [ XX+ ldx = [ U3x%Wu du= [ _Juz du=

141
2 312 3 3 NG)
o e e e B S Bt

1
S+1

Method2: transform the integral as an indefinite integral change back to x
, and use the original x — limits.

x=1 2 E 2 E
f 3x2 x3+1dx=f\/ﬂdu=§u2+c=§(x3+1)2+c
x=—1

x=1 2 3 4v2
" f 3x%Yx3+1dx == (x3+1)2 1=
ey 3 -1~ 3

H.W 7/ Evaluate the following definite integrals by using the given
substitutions to reduce the integrals to standard form.
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jﬂ cotfcsc?6 do Let u = cot6

4

Note:

a- If fis even,then f_aaf(x) dx =2 foaf(x) dx

b- If fisodd,then [° f(x)dx =0

Example 35/ f_zz xdx = 0

Example 36/ f_zz x2dx =2 fozxzdx = 2"3—313 = %[23 - 03] = 1?6

Area between curves:

If f and g are continuous with f(x) = g(x) throughout [a, b] , then the

area of the region between the curves y = f(x) and y = g(x) from
a to b is the integral of (f —g) fromatob.

b
A= [ - geotax
a
Example 37/ Find the area of the region enclosed by the parabola
y =2 —x? and the liney = —x .

Solution: The limits of integration are found by solving y = 2 —
x? and the liney = —x for x .

2—x*=—-x > x*—-x-2=0 - (x=-2)(x+1)=0
eitherx —2=0 -»+x=2 or x+1=0 »sx=-1

The region runs from x = —1 to x = 2 , and the limits of integration
area=-1 and b=2.
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The area between curves is

2

b
A= j () — g(0)] dx = j [(2 = x2) — (—=x)] dx

-1

= (% (2 — 2 B YV S it I D ) B
A= [[2-x*+x)dx = [Zx —+ 2]_1— [4 3+2]
1 1 27 .
-2+ +7] =2 = 4.5 (unit)?
Example 38/ Find the area of the region enclosed by the parabola
y =x? and theliney =x+ 2.

Solution: The limits of integration are found by solving y =
x% and theliney =x+2 forx.

x?=x4+2 5> x*—-x-2=0 >o(x-2)x+1) =0
eitherx —2=0 -o2x=2 or x+1=0 - x=-1

The region runs from x = —1 to x = 2 , and the limits of integration
area=-1 and b=2.
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The area between curves is

2

b
A= [ @ - g@ldr= [ 1ar+2) - dx

-1

2 2 X3 2
A= 2 —x¥)dx = |—+2x ——
j_l(x+ x“)dx 2+ b 3| -1
=|2+4 8 1 2+1 —27—45 it)?
_[ 3] [2 3]_6_ -5 (unit)

Area under a curve by integration:

Casel- Curves which are entirely above the x — axis:

In this case, we find the area by simply finding the integral

A= jbf(x) dx

Where the area under the curve y = f(x) fromx =atox =b
Case2- Curves which are entirely below the x — axis:

In this case, the integral gives a negative number, we need to take the
absolute value of this to find our area.
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A=

be(x) dx

Case3- Part of the curve is below the x — axis , part of it is above the
X — axis .

In this case, we have to sum the individual parts, taking the absolute
value for the section where the curve is below the x — axis from (x =
atox =rc).

d
A= +J f(x)dx

ch(x) dx

If we don’t do it like this, the "negative" area (the part below the x —
axis ) will be subtract from the "positive" part, and our total area will not
be correct.

Case4- Certain Curves are much easier to sum vertically:

In some cases, it is easier to find the area if we take vertical sums.
Sometimes the only possible way is to sum. We need to re-express this as
x = f(y), and we need to sum from bottom to top. So,

A= f "o dy

Area between two curves using integration:

Area bounded by the curves y; and y, and the linesx =aand x = b .
We see that if we subtract the area under lower curve y; = f;(x) , from
the area under the upper curve y, = f,(x) , then we will find the required
area. This can be achieved in one step

b
A =_[ (¥, — y1)dx
a

Likewise, we can sum vertically by re-expressing both functions so that
they are functions of y , and we find
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d
A =f (xz — xp)dy
C

Where, ¢ and d as the limits on the integral.

Example39/ Find the area underneath the curve y = x2 + 2 from
x=1tox=2.

Solution: A = ["(x? +2) dx = [x;+ zx]i = [§+ 4] - E+ 2] -

20 71 13 .
[— — H = = unit?
3 3 3

Example40/ Find the area bounded by y = x? — 4, the axis and the lines
x=—landx=2.

Solution:
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j (x? — 4)dx —[%—44 =[——8] [ +4]
- P S
= 9unit

Example41/ What the area bounded by the curve y = x3 and the lines
x=—-2andx=1.

Solution:

]

T T 1 1 T T T 1 R ]

T 1 T T 1 T T T T




A= j0x3dx +f1x3dx= E] 0‘+[x—4]1:|0—E +[l]
. . 4|27 |40 4|7 2
1
= 4+3 =425

Example42/Find the area of the region bounded by the curve y =
Vvx —1,they —axis and the linesy=1andy =5.

Solution:

v=3

In this case, we express x as a function of y :
y=vx—-1,-oy?=x—-1,-x=y*+1

So, the area is given by:

A—f5(2+1)d —y3+ > 53+5 13+1
LY Y1313 3

125 1 140 4 136 1
=[5 8| -[5r] =5 3= =153

+1
3

3 3 3
Example43/ Find the area bounded by y = x3,x =0 and y = 3.

Solution: we must convert
x = 0 toy function,where substitute it in functiony =
x3,to get ony = 0, also we must convert the functiony =

x3tox=i/§=y%
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The area equal 4 = fcdf(y)dy = f03y§ dy = [3; ]3 = [

3
3 4 13 4 .
2|35 = @3] = 2| (3)3] = 3.245 unit?
Or another method : We substitute y = 3 iny = x3,to get x = /3
And the integral limitations equal x = 0 and x = V3.

Then , we can use horizontally method to find area between the above
function y = 3 and the below function y = x3 .

A
L}.

=%

y=3

‘VM

_ (V3 3y = V3 _ [333 - O3
Theareaequal A= [""(3 —x*)dx = [3x—:] .= [3\/§_T]_
[0] = [4.326 — 1.08] = 3.245 unit?

Example44/ Find the area between the curves y = x? + 5x and y =
3 —x? betweenx = —2andx =0.

Solution:
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y=x3+3x

0

0
A= j [(3—x2) — (x? 4+ 5x)]dx = J [-2x2 — 5x + 3]dx
2

-2

—2x3  5x? 0
-=-+3x| )

. =[0]—[E—10—6]

=0- [— — 16] [—] — —310 unit?

Note/ some of the shaded area is above the x — axis and some of it is
below, therefore don’t worry about taking absolute value, where the
formula takes care of that automatically.

Note/ we can take any from the functions if it below or above x — axis,
and if we get on the negative value of area , then we can take the absolute
value of it.

Note/ if in question gave you only two functions for the curves, then from
equating them, you get on the integral limitations
x,and x, or y, and y, .

Example45/ Find the area between the curves y = x2 + 5x and y =
3 —x2.

Solution: by equating the two function to get on the integral limitations
x?+5x=3—-x%> - x>+x2+5x—3=0 > 2x2+5x—3=0

& (2x—1)(x+3) =0 ,either2x—1=0,~x=05,orx+3=0,
S x = —3
29
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-3

Volume of Solid:

0.5

0.5
A= j [(x? +5x)-(3 —x?)]dx = (2x% + 5x — 3)dx

-3

ER G =

2(0.5)3  5(0.5)2
3 T
[0.08 + 0.625 — 1.5] — [18 + 22.5 + 9]
[—0.795] — [13.5] = |—14.295| = 14.295 unit?

[2x3  5x? ] 0.5

—3(0.5)|at

Many solid objects, especially those made on a lathe have a circular
cross-section and curved sides. In this section, we see how to find the
volume of such objects using integration.

Example46/ Consider the area bounded by the straight line y = 3x ,x —
axis,and x = 1.

Solution: when the shaded is rotated 360° about the x — axis, a volume
Is generated, and the resulting solid is a Cone.

To find this volume, we could take slices
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The typical disk with dimensions, radius = y ,and height = dx, where
the volume of Cylinder is given by V = nr2h, and because radius r =
y,and height dx = h,then

V = my?dx

Adding the volumes of the disks (with infinitely small dx, we obtain the
following formula:

V= nff y? dx|, which means

b
V=n f [F 2 dx

Where, y = f(x) is the equation of the curve whose area is being
rotated. a and b are limits of the area being rotated. dx shows that the
area is being rotated about the x — axis .

By applying volume formula to the earlier example, we have:

1

b 1
Vznfyzdx=V=7tj (3x)2dx=97rjx2dx=97t
a 0 0

x311
310
= 3m (unit)?

And we can find the volume of the cone using the following:
V =-mr2h =2(3)%.1 = 3m (unit)* (Check ok.)

Example47/ Find the volume if the area bounded by the curve y = x3 +
1,the x — axis , and the limits of x = 0 and x = 3 is rotated around
the x — axis .

b 3 3
V=7Tf yzdx=nf (x3+1)2dx=nf (x® 4+ 2x3 + 1)%dx
a 0 0

3 7 x4 3
= 6dx + 2x3dx + dx] =nm|=—+2—

n.fo[x x + 2x>dx + dx] n[7+ 4+x]0
= [312.4 + 40.25] = 355.9 7 (unit)?

And the area can be finding by the following:

31



A= f03(x3 + 1dx = [xf + x](g) = % + 3] — [0] = 43.25 (unit)?

Volume by rotating the area enclosed between two curves:

If we have two curves y, and y, that enclose some area and we rotate
that area around the x — axis, then the volume of the solid formed is
given by

b
V=n f [(72)? — (v1)] dx

a

Where the limits for the region indicated by the vertical lines at x =
a and x = b. y, and y, , represent lower and upper functions,
respectively.

Example48/ A cup is made by rotating the area between functions
y =2x?andy = x + 1 with x = 0 around the x — axis . Find the
volume of the material needed to make the cup. Units are cm.

Solution: to find integration limits, we equate the two functions, then we
get

x+1=2x2 22x>—-x—-1=0->2x+1)x-1)=0
either 2x+1) =0 -~ x = _7 (neglible because we have x = 0)

or (x —1) =0 —. x = 1,therefore the limitations are x
=0andx =1

Vznf [(x+1)2—(2x2)2]dx=7rf [x%2 + 2x + 1 — 4x*] dx

x3  x? x°]1
=7 —+2—+x—4? 0:7'[ +1_|_1__]

3 T4
~ [5+15+15—12]_23
- 15 15T em’

Rotation around the y-axis:

When the shaded area is rotated 360° about the y — axis , the volume
that is generated can be found by:
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V= nfcd x2 dy , which means V = nfcd[f(y)]2 dy
Where: x = f(y) is the equation of the curve expressed in terms of y.
c and d are the upper and lower y limits of the area being rotated.
dy shows that the area is being rotated about the y — axis.

Example49/ Find the volume of the solid of revolution generated by
rotating the curve y = x3 betweeny = 0 and y = 4 about the y —
axis.

Solution: Ify =x3,thenx =3[y = y3

4 4 §+1
V=T[f (y%)zdy=nJy§dy=n2y 4
0 0 =+1(0
3

3rs s 3 _
=nz [4§ - 05] = n2[10.079 - 0] = 19 (unit)*

o=zl

Example50/ Find the volume of the solid of revolution generated by
rotating the curve y = x betweeny = 0 and x = 2 about the y —
axis.

Solution: we can find the volume by two methods, in this case take about
y — axis , therefore if y = x become x =y

the limitations between y = 0, and we substitute x

= 2 inequationy = x,then getony = 2

2 3

y’l2 w s 8r

V= 2dy = || = =[23 = 03] = =[8 — 0] = —

o[ vay=n5|2-312-01-F8-01-5
= 8.378 (unit)?

Arc Length of a Curve by Using Integration:

If the horizontal distance is dx (a small change in x) and the vertical
height of the triangle is dy (a small change in y), then the length of the
curved arc dr is approximated as:

dr =/ (dx)? + (dy)?
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And this equation represents general form of the length of the curve.

The arc length of the curve y = f(x) from x = a to x = b is given by:

length = —jb 1+ Pz g
eng —r—a (dx) X

Note/ we are assuming the function y = f(x) is continuous in the region
x = a to x = b (otherwise, the formula won't work).

Arc Length by Using Radian Measurement:

In this section, we see some of the common applications of radian
measure, including arc length, area of sector of a circle, and angular
velocity.

The length s, of an arc of a circle radius r subtended by 8 (in radians) is
given by:

s=r16
If r Is in meters, s will also be in meters.

Example51/ Find the length of the arc of a circle with radius 4 ¢cm and
central angle 5.1 radians.

Solution:
s=1r80 =4%x51=204cm

Area of Sector:

The area of a sector with central angle 6 (in radians) is given by:

4 B fr?
rea = —

If  is measured in cm , the area will be in cm?.

Example 52/ Find the area of the sector with radius 7cm and central
angle 2.5 radians.

2 2
Solution: Area = 9% = 2'5:7 = 61.25 cm?
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Angular velocity: The time rate of change of angle 8 by a rotating body
is the angular velocity, written w. It is measured in radius/second.

If v is a linear velocity in (?) and r is the radius of the circle in (m) ,
then

V=Tw

Example53/ A bicycle with tyres 90 cm in diameter is travelling at
25 Km/h. What is the angular velocity of the tyre in
radians per second.

Solution: we convert the units to meters

Km _ 25000 _

R~ 3e00  004m/s
90

r=7=45cm=0.45m

S0, w=2=%_ 1543 rad
o,w—r—0.45— 43 rad/sec

Finite sums:

Sigma notation enables us to write a sum with many terms in the compact
form

NgE

ak - a1 +a2 +a3 + "'.....+an_1 +an
k=1

The index k ends at k=n
Summation symbol = Y2_; a; is a formula for the k,; term
Index k start at k=1

Example 36/

11
Zkz=12+22+32+42+52+62+72+82+92+102+112
k=1
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2k =21 422 4 23 4 24 4 25

N

k=1

H.W 8/ Write the sums of the following notations:

1- lec=1k6_4l.(1 , 2- Yi_jcoskm |, 3- ¥>_ sinkm , 4- ¥5_, 2k1

k
5' ZISC=0 Zk y 6' Zi:O(Zk + 1) y 7' Zizlm

Solution :

1 2

k
7- 2_ = + =
Li=1i1 = 1 T

N |-

+

wIlN

7
6

Algebra rules for finite sums:

1- Sum rules: Zzzl(ak + bk) = Z;{l=1 a + Z‘;(l:]_ bk
2- Difference rule: Yy, (ax — by) = Xk=1 A — 2k=1 bx
3- Constant multiple rule: Y7, Ca, = C.X}-; ax

4- Constant value rule: ¥?_,C =n.C ,Ex/¥3_,5=35=15
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